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Abstract
Uncertainties arising from control deviations, geometric deviations, and propellant property
deviations during the design, manufacturing, and operation of solid divert control motors
(SDCMs) cause the thrust output to deviate from its nominal value, thereby affecting the strike
accuracy of kinetic interceptors. To quantitatively evaluate the influence of these uncertainties
on strike accuracy, an integrated internal-external ballistic dynamic model of the SDCM is
established. Based on this model, a performance dispersion analysis method for the integrated
internal-external ballistics is proposed using polynomial chaos expansions. The effects of
control deviations, geometric deviations, and propellant property uncertainties on the miss
distance are systematically analyzed, and Sobol’ sensitivity analysis is performed to quantify the
contribution of each uncertain parameter to the variability of the miss distance. The quantitative
evaluation of uncertainty effects provides valuable guidance for the optimal design of SDCMs.

Keywords: solid divert control motor, strike accuracy, polynomial chaos expansion,
dispersion analysis, uncertainty quantification, Sobol’ sensitivity analysis

1. Introduction

The solid divert control motor (SDCM) is capable of adjust-
ing its operating state on demand according to the control
requirements of a kinetic interceptor, thereby generating the
required thrust, and offers advantages such as structural sim-
plicity and high reliability [1–3]. During the thrust regulation
process, the SDCM is subject to the coupled effects of multiple
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uncertainty sources, including control system deviations, geo-
metric dimensional deviations, and propellant material prop-
erty uncertainties. These uncertainties lead to deviations of the
thrust performance from its nominal value, directly affecting
the maneuverability of the kinetic interceptor and its strike
accuracy against the target [4, 5]. Therefore, investigating the
influence of multi-source uncertainties on the strike accuracy
of kinetic interceptors is significant for improving overall sys-
tem performance and reliability [6].

At present, research on the integrated internal-external bal-
listics of solid rocket motors remains limited, with existing
studies primarily focusing on design optimization and per-
formance prediction [7]. Lei et al [8] proposed an integrated
design method for solid rocket internal-external ballistics. By
establishing a coupled model of nozzle ablation and propellant
burn rate that accounts for the influence of flight overload,
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the integrated design and refined performance prediction were
achieved. Wu et al [9] developed an integrated optimiza-
tion approach that couples engine performance with ballis-
tic simulation, which significantly improves the low-altitude
supersonic cruise time of the target missile under constraints
of structural configuration, layout, and stability. Su et al
[10] explored the integrated optimization of vehicle-level and
propulsion-system design for a typical solid launch vehicle.
By employing multiple optimization approaches for the first-
stage motor, the payload capability of the launch vehicle was
significantly improved. However, the aforementioned studies
on integrated internal-external ballistics are primarily deter-
ministic, focusing on performance evaluation and design opti-
mization. The influence of uncertainties within the coupled
internal-external ballistic system has not been sufficiently con-
sidered, making it difficult to capture the performance disper-
sion characteristics during the engine operating process.

In recent years, extensive studies have been conducted by
researchers worldwide on the uncertainty analysis of solid
rocket motor performance [11]. Gao et al [12] employed
Monte Carlo Simulation (MCS) to investigate the influence
of geometric parameter uncertainties on the thrust perfor-
mance of pintle-type solid attitude and divert control motors
under varying operating conditions, and quantitatively eval-
uated uncertainties in the real-time thrust regulation process.
However, MCS requires substantial data and is computation-
ally expensive, limiting its applicability to uncertainty-based
design of SDCMs. To address this issue, surrogate model-
ing techniques have been introduced to improve the efficiency
of uncertainty analysis. Zhu et al [13] proposed a hybrid
uncertainty optimizationmethod integrating polynomial chaos
expansions (PCE) with interval analysis, which effectively
resolves the quantification of mixed stochastic and interval
uncertainties in solid and liquid rocket engine design. Xiao
et al [14] incorporated evidence theory to handle epistemic
uncertainties in parameter design of solid and liquid rocket
engines, and combined it with a PCE model to enhance com-
putational efficiency in uncertainty quantification. Shi et al
[15] developed a high-accuracy surrogate modeling approach
that integrates Proper Orthogonal Decomposition, the Kriging
model, and the Maximum Entropy Method, enabling efficient
prediction of the uncertainty distribution of solid rocket motor
thrust curves while significantly reducing computational time
with a confidence level of 98%. Balesdent et al [16] proposed a
method combining multidisciplinary design optimization with
pseudo-spectral optimal control for uncertainty quantification
in launch vehicle design, significantly improving the compu-
tational efficiency of global sensitivity analysis.

Although extensive research has been conducted on the
thrust performance analysis of solid rocket motors and inte-
grated internal-external dynamic ballistic modeling, leading
to significant advances in propulsion performance predic-
tion and ballistic characterization, existing studies have pri-
marily focused on propulsion performance analysis or deter-
ministic modeling of the internal-external ballistic process.
However, a systematic framework for characterizing the prop-
agation of multiple uncertainty sources in the coupled internal-
external ballistic system of SDCMs has yet to be established.

In particular, no systematic framework exists for modeling
how multiple uncertainty sources propagate through the cou-
pled internal-external ballistic process. Quantitative analysis
of how these sources ultimately affect the miss distance is also
lacking. Therefore, further investigation of the performance
dispersion characteristics of integrated internal-external bal-
listics of SDCMs under multi-source uncertainties is required
to provide theoretical support and design guidance for improv-
ing the strike accuracy of kinetic interceptors.

Based on the above research background, this paper inves-
tigates the performance dispersion characteristics of the inte-
grated internal-external ballistics of solid divert control motors
under multi-source uncertainties. First, an integrated internal-
external ballistic dynamic model of the SDCM is established.
Next, MCS is performed by considering multiple uncertainty
sources, including control deviations, geometric deviations,
and propellant property deviations. Subsequently, a total of
3500 sample points are generated over the entire input space
using optimized Latin hypercube sampling (OLHS) to con-
struct the PCE surrogate model, and the local and global pre-
dictive accuracy of the surrogate model is verified. The PCE
surrogate model is used to analyze the uncertainty-induced
dispersion of miss distance. Finally, Sobol’ sensitivity analysis
is performed to quantify the contribution of different uncer-
tainty sources to the variability of the miss distance, and the
uncertain parameters are ranked according to their importance.

The remainder of this paper is organized as follows.
Section 2 introduces the integrated internal-external ballis-
tic dynamic modeling framework of the SDCM, includ-
ing the internal ballistic model, external ballistic model,
proportional navigation guidance law, and the integrated
dynamic model. Section 3 presents the performance disper-
sion analysis of the integrated internal-external ballistics under
multi-source uncertainties. A PCE surrogate model is con-
structed and validated, followed by uncertainty quantification
and importance ranking of the influencing factors. Finally,
section 4 concludes the paper and summarizes the main
findings.

2. Integrated modeling of internal-external ballistics
dynamic for SDCMs

2.1. Internal ballistic model of SDCMs

The pintle-type SDCM investigated in this study employs
four divert nozzles that share a common combustion cham-
ber. Figure 1 shows the configuration of the SDCM installed
on the kinetic interceptor. The motor is mounted at the center
of mass of the kinetic interceptor, and the nozzles are arranged
in an axisymmetric configuration. During operation, the motor
provides the lateral divert force required for the intercep-
tor’s transverse maneuvering [17]. The four divert nozzles are
labeled D1, D2, D3, and D4 in a clockwise direction.

The thrust calculation formula for a single valve of the
SDCM can be derived based on the conservation of momen-
tum or the pressure distribution on the internal and external
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Figure 1. (a) Overall schematic diagram of kinetic interceptor and (b) SDCM configuration.

surfaces of the motor, and is given as [18, 19]

Fi = CFipcAti (1)

where CFi denotes the thrust coefficient of the ith valve,
i = 1,2,3,4 represent the indices of the four valves, pc is the
combustion chamber pressure of the motor, and Ati is the
equivalent throat area of the ith valve.

The equivalent throat area of the nozzle refers to the min-
imum flow passage area after the insertion of the pintle.
According to equation (1), the equivalent throat area is a key
factor affecting the output thrust of the divert control motor
[20]. In this study, the method reported in [21] is employed to
calculate the equivalent throat area of the nozzle.

The SDCM considered in this paper adopts an end-burning
propellant configuration with a constant burning surface.
Accordingly, the zero-dimensional internal ballistic governing
equations can be expressed as follows [22]

Vc

Γ2c∗2
dpc
dt

= ρpAbap
n
c −

pcAtt

c∗
(2)

where c∗ denotes the characteristic velocity of the propellant,
ρp is the propellant density, Ab represents the burning surface
area of the propellant, a is the burn rate coefficient, and n is
the pressure exponent of the propellant. Vc denotes the free
volume of the combustion chamber, Att is the total throat area
of the four valves, and Γ is a function of the specific heat ratio
k, which is expressed as follows

Γ =
√
k

(
2

k+ 1

) k+1
2(k−1)

. (3)

To ensure stable thrust output, the SDCM is typically required
to satisfy the combustion chamber pressure equilibrium con-
straint during operation. The total throat area Att is regulated
by adjusting the opening of the four valves; therefore, the pres-
sure equilibrium constraint can be equivalently transformed
into a constraint on the total opening of the four divert nozzles
during coordinated operation. For the end-burning propellant
with a constant burning surface, when the combustion cham-
ber pressure reaches equilibrium, dpc/dt= 0, and the steady-
state chamber pressure can be expressed as follows [23]

pc,eq =

(
ρpc

∗a
Ab

Att

) 1
1−n

. (4)

Figure 2. Solid divert control motor nozzle configuration.

The equilibrium combustion chamber pressure pc,eq is taken
as the operating pressure of the SDCM investigated in this
study. Figure 2 illustrates the configuration of a single noz-
zle of the SDCM. Table 1 lists the corresponding parameters.
The parameter r denotes the propellant burning rate measured
at a chamber pressure of 7 MPa, which is calculated according
to the burning-rate law r= apn.

Assume that, at a certain instant during engine operation,
the pintles of the four divert control valves are positioned at
different locations. Figure 3 shows the force distribution acting
on the engine.

The SDCM consists of a longitudinal channel and a lateral
channel. The control forces generated in each channel can be
expressed as

{
Y1c = F3 −F1

Z1c = F4 −F2
. (5)

In this study, the total valve opening Att of the SDCM is
assumed to be equal to themaximum opening of a single valve.
The allocation of valve openings should prioritize the chan-
nel with the higher thrust demand, and only one valve in the
high-thrust-demand channel is allowed to operate at a time.
When |Ȳ1c|> |Z̄1c|, the longitudinal channel is identified as
the high-thrust-demand channel. In this case, if Ȳ1c > 0, valve
3 operates while valve 1 remains fully closed, subject to the
constraint {

−Fdmax ⩽ Ȳ1c ⩽ Fdmax

−Fdmax ⩽ Z̄1c ⩽ Fdmax
(6)
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Table 1. Solid divert control motor parameters table.

Parameters Values

Configuration parameters of the motor

Nozzle exit diameter dout /mm 45
Nozzle expansion half-angle θk/◦ 30
Transition arc radius of expansion section rk /mm 20
Convergent section arc radius rs /mm 4
Nozzle convergent half-angle θs/◦ 60
Pintle head length Lt /mm 8
Nozzle throat diameter dn /mm 14
Pintle diameter dh /mm 16
Nozzle inlet diameter din /mm 32
Propellant burning surface radius rb /mm 120

Propellant property parameters

Propellant density ρp / (kg m–3) 1700
Burn rate r/(mm s–1) 15
Characteristic velocity c∗ /(m s–1) 1400
Pressure exponent n 0.30

Figure 3. Schematic diagram of the force distribution acting on the
solid divert control motor.

where Ȳ1c and Z̄1c denote the desired control forces in the lon-
gitudinal and lateral channels, respectively, Fdmax denote the
maximum thrust of a single divert control valve.

Taking the longitudinal channel as the high-thrust-demand
channel as an example, the valve opening allocation strategy
is described as follows. The required thrust provided by each
valve in the longitudinal channel is given by{

F1 =−min(Ȳ1c,0)
F3 =max(Ȳ1c,0)

. (7)

Based on the required thrust in the longitudinal channel, the
valve openings At1 and At3 can be determined. Given the
total valve opening in the high-thrust-demand channel, the
total opening constraint for the low-thrust-demand channel is
expressed as

Atz = Att −At1 −At3. (8)

If Atz = 0, then At2 = At4 = 0. Otherwise, when Atz ̸= 0, the
valve opening allocation problem in the lateral channel can
be transformed into an optimization problem, which can be
solved using the bisection method

thrust(Atz −At2)− thrust(At2) = Z̄1c
At2d =max(Atz −Atdmax,0)
At2u =min(Atz,Atdmax)
At2 ∈ [At2d,At2u]

(9)

where Atdmax denotes the maximum opening of a single valve,
and thrust(At) is a known function that maps the valve opening
to the corresponding thrust. At2d and At2u denote the minimum
and maximum valve openings, respectively, of a valve in the
low-thrust-demand channel.

When |Ȳ1c|= |Z̄1c|, the total valve opening is evenly dis-
tributed between the longitudinal and lateral channels.

Aty = Atz =
Att

2
. (10)

In this case, the valve opening calculation procedures for the
longitudinal and lateral channels are identical. Taking the lat-
eral channel as an example, the valve opening allocation prob-
lem can be transformed into an optimization problem for solv-
ing the following system of equations.{

thrust(Atz −At2)− thrust(At2) = Z̄1c.
At2 ∈ [0,Atz]

(11)

By employing this approach for valve opening allocation, an
optimal set of valve openings for all four valves can be deter-
mined based on the desired divert thrusts in the longitudinal
and lateral channels of the SDCM.

2.2. External ballistic model of the kinetic interceptor

The external ballistic equations of motion of the kinetic
interceptor consist of the dynamic equations, kinematic
equations, mass variation equation, and geometric relation-
ship equations [24]. Since the terminal guidance phase of the
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exo-atmospheric kinetic interceptor is relatively short and the
relative engagement distance is limited, the effects associ-
ated with the Earth’s rotation and Earth model simplifications
are neglected [25]. Accordingly, the translational equations
of motion of the kinetic interceptor, considering only gravita-
tional force and the thrust generated by the SDCM, are estab-
lished as follows

m dvx
dt =−Y1c sinφ +Z1c cosφ sinψ +m g ′

r
r (x+Rox)

m dvy
dt = Y1c cosφ +Z1c sinφ sinψ +m g ′

r
r (y+Roy)

m dvz
dt = Z1c cosψ +m g ′

r
r (z+Roz)

(12)

where vx, vy, and vz denote the velocity components of the
kinetic interceptor along the three axes in the launch coor-
dinate system; x, y, and z represent the position coordinates
of the interceptor in the launch coordinate system; Y1c and
Z1c are the normal and lateral control forces generated by the
SDCM, respectively; m is the mass of the kinetic interceptor;
g ′
r denotes the gravitational acceleration toward the Earth’s

center; r is the distance from the interceptor’s center of mass to
the Earth’s center; and Rox, Roy, and Roz are the components of
the geocentric radius vector of the launch point in the launch
coordinate system.

In the launch coordinate system, the kinematic equations
governing the motion of the kinetic interceptor’s center of
mass can be expressed as follows

dx
dt = vx

dy
dt = vy

dz
dt = vz

. (13)

The mass variation equation of the kinetic interceptor can be
expressed as follows:

dm
dt

=−apn
c
Abρp. (14)

2.3. Proportional navigation guidance law

The line-of-sight angle and its rate for the kinetic interceptor
are calculated as follows [26]

qε = arctan

(
yr√
x2r+z

2
r

)
qβ = arctan

(
−zr
xr

)
q̇ε =

(x2r+z
2
r )ẏr−yr(xr ẋr+zr żr)

(x2r+y
2
r+z

2
r )
√
x2r+z

2
r

q̇β = zr ẋr−xr żr
x2r+z

2
r

(15)

where xr = xt − x, yr = yt − y and zr = zt − z denote the relative
position components; ẋr = ẋt − ẋ, ẏr = ẏt − ẏ and żr = żt − ż
represent the relative velocity components; xt, yt and zt are
the position coordinates of the target in the launch coordinate
system.

The three-dimensional proportional navigation guidance
law can be expressed as follows{

amy1 = N|Ṙ|q̇ε
amz1 =−N|Ṙ1|q̇β

(16)

where amy1 and amz1 denote the guidance accelerations gener-
ated by the SDCM along the respective axes of the intercep-
tor body coordinate system; N is the navigation constant; |Ṙ|
and |Ṙ1| represent the time derivatives of the relative distance
between the target and the kinetic interceptor in the vertical
and horizontal planes, respectively.

2.4. Integrated dynamic model of internal-external ballistics
for the SDCM

Figure 4 illustrates the integrated internal-external ballistic
dynamic model of the SDCM, which is established based on
the aforementioned internal ballistic model, external ballistic
model, and proportional navigation guidance law.

The terminal guidance module first obtains the guid-
ance commands amy1 and amz1. The internal ballistic module
responds to these commands by regulating the valve openings
of the SDCM to achieve thrust allocation, thereby generating
the divert control forces Y1c and Z1c. These forces are then
taken as inputs to the external ballistic model. The external
ballistic equations are numerically integrated using the fourth-
order Runge–Kutta method to compute the relative distance
between the kinetic interceptor and the target. When the rel-
ative distance reaches its minimum value, the numerical inte-
gration is terminated, and this minimum relative distance is
defined as the miss distance Rm of the kinetic interceptor.

2.5. Numerical example

Table 2 lists the initial conditions of the kinetic interceptor and
the motion parameters of the target.

Figure 5 shows the time histories of the control forces Y1c
and Z1c generated in the longitudinal and lateral channels of
the SDCM. Figure 6 illustrates the trajectories of the kinetic
interceptor and the target.

The numerical simulation results indicate that the longitu-
dinal channel of the SDCM consistently operates as the high-
thrust demand channel. The kinetic interceptor achieves target
interception at 17.72 s, with a final miss distance of 0.75 m.

3. Integrated performance dispersion analysis of
internal-external ballistics for the SDCM

By comprehensively considering the effects of control devi-
ations, geometric deviations, and propellant property uncer-
tainties on strike accuracy, an uncertainty analysis of the inte-
grated internal-external ballistics of the SDCM is conducted
based on the established integrated model, employing PCE
[27]. Table 3 lists the uncertain parameters considered in
this study, and all parameters are assumed to follow normal
distributions [21].
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Figure 4. Integrated dynamic model of internal-external ballistics.

Table 2. Initial conditions of the kinetic interceptor and motion parameters of the target.

Initial kinematic parameters Values

Initial conditions of the kinetic interceptor
Initial velocity (Vxm,Vym,Vzm) /(km s–1) (1.4,1.1,1.4)
Initial position (x,y,z) /km (0,70,0)
Initial mass m /kg 80

Initial conditions of the target
Initial velocity (Vxt,Vyt,Vzt) /(km s–1) (−0.6, −2, −2)
Initial position (xt,yt,zt) /km (60 100,60)

Figure 5. Variation curve of control force Y1c and Z1c.

A total of 60 000 samples are randomly generated using
MCS, and figure 7 shows the dispersion of the kinetic inter-
ceptor miss distance.

Based on the 60 000 MCS simulation results, the miss dis-
tances of all samples remain below the threshold of 1.6 m indi-
cated by the red line in figure 7. The overall dispersion of the
miss distance is relatively small, with more scattered points
distributed on the upper side than on the lower side, exhibiting
a right-skewed distribution characteristic.

3.1. Construction of the PCE surrogate model

The PCE method can effectively characterize random vari-
ables with arbitrary probability distributions and theoretically
exhibits exponential convergence properties, making it an effi-
cient approach for uncertainty quantification analysis [28, 29].

As indicated in table 3, all input variables follow normal
distributions. Therefore, Hermite orthogonal polynomials are
employed to construct the PCE surrogate model. For an arbi-
trary random variable Y when the expansion is truncated at
order p, the corresponding simplified PCE surrogatemodel can
be expressed as follows

Y=

Q−1∑
i=0

ciΦ i (ξ ) (17)

where ci are the coefficients to be determined; Φ i(ξ ) denotes
the pth order Hermite orthogonal polynomial of the d-
dimensional uncertain variable ξ ; and Q is the number of
retained terms. The relationship between Q, the expansion
order p, and the dimensionality d can be determined by
equation (18)

Q=
(d+ p)!
d!p!

. (18)
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Figure 6. (a) Trajectories of the kinetic interceptor and the target projected onto the x− y plane. (b) Trajectories of the kinetic interceptor
and the target projected onto the x− z plane.

Table 3. Uncertainty variables statistics.

Random variables Mean value Standard deviation

Control deviation Pintle displacement ∆xh/mm 0 0.05

Geometric parameters

Pintle diameter dh/mm 16 0.05
Pintle head length Lt/mm 8 0.05
Nozzle throat diameter dn/mm 14 0.05
Convergent section arc radius rs/mm 4 0.05
Burning surface radius rb/mm 120 0.5

Propellant property parameters

Propellant density ρp/(kg m–3) 1700 5
Burn rate r/(mm s–1) 15 0.1
Characteristic velocity c∗ /(m s–1) 1400 5
Pressure exponent n 0.30 0.005

Figure 7. MCS dispersion of miss distance.

As shown in table 3, a total of 10 random variables are consid-
ered; therefore, a 10-dimensional PCE surrogate model is con-
structed in this study. For high-dimensional PCE models, an
appropriate hyperbolic truncation parameter q can effectively
reduce computational cost while maintaining model accuracy.

In this work, q is set to 0.9. Let N denote the number of sam-
ple points. To ensure the invertibility of the regression matrix,
the sampling size must satisfy N ⩾ Q + 1. According to the
literature, it is recommended that the number of sample points
be at least twice the number of unknown PCE coefficients.

Accordingly, the integrated internal-external ballistic
dynamic model of the SDCM can be expressed as follows

Rm = g(X) . (19)

The input X is a vector composed of 10 random variables,
and the output Rm denotes the miss distance of the kinetic
interceptor. The true response model g(X) is evaluated at
the sample points, and the corresponding response values
are obtained asG= [g(X1),g(X2) · · ·g(XN)]

T Substituting the
Hermite orthogonal polynomial basis and the corresponding
function response values into equation (17) yields


Φ 0 (ξ 1) Φ 1 (ξ 1) · · · ΦP (ξ 1)

Φ 0 (ξ 2) Φ 1 (ξ 2) · · · ΦP (ξ 2)
...

...
...

Φ 0 (ξ N) Φ 1 (ξ N) · · · ΦP (ξ N)




b0
b0
...
bP

=


g(X1)

g(X2)
...

g(XN)

 .

(20)
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The coefficients of the PCE model can be obtained using the
least-squares method, and are expressed as follows

b= (ATA)−1ATG (21)

where A=


Φ 0(ξ 1) Φ 1(ξ 1) · · · ΦP(ξ 1)
Φ 0(ξ 2) Φ 1(ξ 2) · · · ΦP(ξ 2)

...
...

...
Φ 0(ξ N) Φ 1(ξ N) · · · ΦP(ξ N)

;

b=


b0
b1
...
bP

.
A total of 3500 sample points were generated over the entire

input space using OLHS [30]. The first 3000 samples were
used to construct PCE surrogate models with expansion orders
of p = 1 ∼ 5, and the remaining 500 samples were reserved
as an independent test set to assess the predictive accuracy of
each surrogate model. The predictive accuracy of the surro-
gate models is evaluated using the coefficient of determina-
tion R2, root mean square error eRMSE, relative average abso-
lute error eRAAE, and relative maximum absolute error eRMAE

[31]. Figure 8 shows the variation of the evaluation metrics as
a function of the expansion order p.

Among them, the coefficient of determination R2 is used to
evaluate the overall fitting capability of the surrogate model;
the closer its value is to 1, the higher the global fitting accu-
racy. The root mean square error eRMSE and the relative aver-
age absolute error eRAAE are employed to assess the global pre-
dictive accuracy of the model; the closer their values are to 0
[32], the higher the global prediction accuracy. The relative
maximum absolute error eRMAE is used to evaluate the local
accuracy of the model; the closer its value is to 0, the higher
the local prediction accuracy. The expressions of these four
evaluation metrics are given as follows

R2 = 1−
n∑

i=1
(gi− ĝi)

2
/

n∑
i=1

(gi− ḡi)
2

eRMSE =

√
1
n

n∑
i=1

(gi− ĝi)
2

eRAAE =
n∑

i=1
|gi− ĝi|/(n ·mean(g))

eRMAE =
max(|gi−ĝi|,··· ,|gn−ĝn|)

mean(g)

(22)

where n denotes the number of test samples; gi is the true value
of the ith test sample; ĝi represents the predicted value of the
ith test sample; and mean(g) denotes the average of the true
values over all test samples.

As shown in figure 8(a), the coefficient of determination R2

reaches its maximum and the relative maximum absolute error
eRMAE reaches its minimum at p= 4, indicating the best overall
fitting capability and local prediction accuracy.When the order
is further increased to p= 5, R2 decreases slightly while eRMAE

increases, suggesting a decline in prediction performance.

Figure 8. Variations of model evaluation metrics with the expansion
order p (a) variations of R2 and eRMAE with the expansion order p,
and (b) variations of eRMSE and eRAAE with the expansion order p.

Table 4. The four evaluation metrics of the PCE (p = 4) and
Kriging surrogate models for the test samples.

Model R2 eRMSE eRAAE eRMAE

PCE 0.951 0.016 0.014 0.096
Kriging 0.962 0.012 0.021 0.272

As shown in figure 8(b), the error metrics eRMSE and eRAAE,
generally decrease with increasing expansion order and reach
their minimum values at p = 4, followed by a certain degree
of increase at p = 5. Based on the variation trends of all eval-
uation metrics, it can be concluded that the surrogate model
achieves optimal predictive accuracy at p = 4.

Table 4 presents the evaluation metrics calculated from
the prediction results of the 500 test samples obtained by the
fourth-order PCE and Kriging surrogate models.

Table 4 compares the prediction performance of the PCE
and Kriging surrogate models using 500 independent test sam-
ples. The Kriging surrogate model yields a slightly higher R2
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Figure 9. The true response values, predicted values and relative
errors of 500 groups of samples.

and a lower eRMSE, whereas the PCE surrogate model exhibits
lower eRAAE and eRMAE values, indicating better average rela-
tive prediction accuracy. Both surrogate models achieve high
prediction accuracy, demonstrating their capability to approx-
imate the integrated internal-external ballistic model.

Although the Kriging surrogate model exhibits comparable
predictive performance, PCE is more suitable for the uncer-
tainty quantification framework considered in this study. PCE
provides an explicit analytical representation of the system
response, facilitates the computation of statistical moments,
and enables the direct calculation of both first-order and total-
effect Sobol indices without additional sampling. In contrast,
the calculation of Sobol indices based on Kriging models
generally requires additional sampling procedures or numeri-
cal integration, resulting in increased computational costs and
potential additional uncertainties. Therefore, the fourth-order
PCE surrogate model is adopted for subsequent uncertainty
propagation and sensitivity analyses.

Figure 9 presents the prediction results and relative errors
of the fourth-order PCE surrogate model for the 500 test
samples.

The relative errors of all test samples remain below 1.5%,
indicating that the fourth-order PCE possesses high local accu-
racy. Therefore, the surrogate model can accurately character-
ize the system response and is suitable for subsequent uncer-
tainty analysis.

3.2. Uncertainty analysis of miss distance

Based on the constructed PCE surrogatemodel,MCS is further
employed to perform uncertainty analysis of the miss distance.
Table 5 lists the first four statistical moments of the miss dis-
tance obtained from the integrated internal-external ballistic
dynamic model and predicted by the PCE surrogate model.

The deviations in the mean and standard deviation of the
miss distance obtained by the twomethods are relatively small,
indicating that the PCE surrogate model achieves high accu-
racy in predicting the miss distance for uncertainty analysis.

Table 5. The first four statistical moments of miss distance.

Rm Mean Standard deviation Skewness Kurtosis

MCS 0.7541 0.0697 1.0652 6.8240
PCE-MCS 0.7542 0.0687 0.8051 6.6747

Figure 10. (a) PDF curve of miss distance and (b) CDF curve of
miss distance.

Figure 10 presents the probability density function (PDF)
and cumulative distribution function (CDF) curves of the miss
distance.

As shown in figure 10, the probability density estimated by
the PCE surrogate model agrees well with both the histogram
of the predicted samples and theMCS-based probability curve.
The miss distance is primarily distributed within the range of
0.4–1.6 m, and its PDF exhibits a right-skewed distribution.
In terms of computational efficiency, the proposed PCE surro-
gate model exhibits a significant advantage. A single evalua-
tion of the integrated internal-external ballistic dynamicmodel
requires approximately 9.8 s, whereas a single prediction using
the PCE surrogate model requires only 6.6 ms, resulting in a
substantial reduction in computational cost.
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3.3. PCE-based Sobol’ sensitivity analysis

Sobol sensitivity analysis is widely used for nonlinear and
non-monotonic models because it enables the efficient com-
putation of first-order, higher-order, and total-order sensitiv-
ity indices for input parameters [33]. Among various global
sensitivity analysis methods, the Sobol indices are one of the
most widely used sensitivity measures. The Sobol method is
based on variance decomposition, in which the total variance
of the model response is decomposed into the contributions of
individual input variables and their interaction effects [34, 35].
Accordingly, let g(X) denote the response function of the input
vector X= (x1, · · · ,xd), which can be decomposed as follows

g(X) = g0 +
d∑

s=1

d∑
i1<···is

gi1···is (xi1 , · · · ,xis) (23)

where 1⩽ i1 < · · ·< is ⩽ d.
Further decomposition of equation (23) yields

g(X) = g0 +
d∑

i=1

gi (xi)

+
d∑

1⩽i<j⩽d

gi,j (xi,xj)+ · · ·+ g1,2··· ,d (x1,x2, · · · ,xd)

(24)

where g0 denotes the constant term; xi represents the ith input
variable; g(xi) denotes the function involving only the individ-
ual effect of xi; and gi,j(xi,xj) represents the function describ-
ing the interaction effect between xi and xj. The higher-order
terms can be defined analogously.

When the following orthogonality condition is satisfied´ 1
0 gi1···is(xi1 , · · · ,xis)dxk = 0,k= i1, · · · , is, the decomposition
in equation (24) is unique, and all component terms are mutu-
ally orthogonal. By integrating equation (24), the first-order
and second-order variance components can be obtained, as
shown in equations (25)–(27)

ˆ
g(X)dx= g0 (25)

ˆ
g(X)

∏
k̸=i

dxk = g0 + gi (xi) (26)

ˆ
g(X)

∏
k ̸=i,j

dxk = g0 + gi (xi)+ gj (xj)+ gi,j (xi,xj). (27)

The remaining component terms can be obtained analogously.
According to the definition of variance for continuous vari-
ables, squaring both sides of equation (23) and integrating over
the input space yields

ˆ
g2 (X)dx− g20 =

d∑
s=1

d∑
i1<···<is

ˆ
g2i1···is (xi1 , · · · ,xis)dxi1 · · ·dxis

(28)

where
´
g2(X)dx− g20 represents the total variance D of the

output response; and
´
g2i1···is(xi1 , · · · ,xis)dxi1 · · ·dxis denotes

the variance contribution Di1···is of the input variables xi1 · · ·xis
to the output response.

Therefore, equation (28) can be expressed as follows

D=

ˆ
g2 (X)dx− g20

=
n∑

s=1

n∑
i1<···<is

ˆ
g2i1···is (xi1 , · · · ,xis)dxi1 · · ·dxis

=
n∑

s=1

n∑
i1<···<is

Di1···is . (29)

The variance-based sensitivity index is defined as the ratio of
the variance contribution associated with an input variable to
the total variance of the output response. Therefore, by divid-
ing both sides of equation (29) by the total varianceD and per-
forming further decomposition, the following expression can
be obtained

1=
d∑

i=1

Si+
d∑

1⩽i<j⩽d

Sij+ · · ·+ S1,2,··· ,d. (30)

Therefore, the first-order sensitivity index Si can be expressed
as

Si =
Di

D
. (31)

For the input variable xi, the total sensitivity index STi is defined
as the sum of all Sobol indices involving xi, which can be
expressed as

STi = 1− D∼i

D
(32)

where D∼i represents the conditional variance contribution of
all input variables except xi to the output response.

The first-order sensitivity index Si reflects the influence of
an individual parameter xi on the miss distance of the kinetic
interceptor, while the total sensitivity index STi represents the
overall influence of xi, including its interaction effects with all
other input parameters, on the miss distance. A larger differ-
ence between STi and Si indicates stronger interactions between
xi and the other parameters.

The Sobol sensitivity indices can be efficiently and accu-
rately obtained based on the PCE model [36]. In this study,
the PCE surrogate model constructed according to section 3.1
is employed to calculate the first-order sensitivity indices Si
and total sensitivity indices STi , and the results are presented in
table 6.

The analysis of the first-order sensitivity indices indicates
that the burning surface radius, pintle diameter, nozzle throat
diameter, and burning rate are the dominant factors affecting
the uncertainty of the miss distance, with first-order sensitivity
indices of 0.209, 0.208, 0.178, and 0.123, respectively. These
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Table 6. Sensitivity analysis results of the miss distance with respect to each random variable.

Random variable First-order sensitivity indices Total-order sensitivity indices

Control deviation Pintle displacement∆xh 0.035 0.165

Geometric parameters

Pintle diameter dh 0.208 0.269
Pintle head length Lt 0.010 0.023
Nozzle throat diameter dn 0.178 0.248
Convergent section arc radius rs 0.006 0.010
Burning surface radius rb 0.209 0.212

Propellant property parameters

Propellant density ρp 0.025 0.027
Burn rate r 0.123 0.127
Characteristic velocity c∗ 0.039 0.040
Pressure exponent n 0.023 0.025

parameters account for themajority of the output variance con-
tribution. Among them, the burning surface radius exhibits the
highest first-order sensitivity index, indicating that deviations
in propellant geometric parameters have a significant influ-
ence on the performance dispersion of the system. The burn-
ing surface radius directly determines the propellant burning
area, and its deviation affects the evolution of chamber pres-
sure and the thrust output characteristics of the motor. The
uncertainty in burning surface radius propagates through the
pressure variation-thrust response-flight trajectory chain and
ultimately affects the miss distance.

For the nozzle geometric parameters, the first-order sensi-
tivity indices of the pintle diameter and nozzle throat diam-
eter are 0.208 and 0.178, respectively. These two parame-
ters jointly determine the effective throat area of the nozzle,
which directly affects the propellant mass flow rate and cham-
ber pressure level. Deviations in critical nozzle dimensions
alter the thrust regulation characteristics of the motor and fur-
ther influence the control performance during the external bal-
listic phase. In contrast, the first-order sensitivity indices of
the pintle head length and convergent section arc radius are
only 0.010 and 0.006, respectively, indicating that their direct
effects on the effective flow area and thrust output are rela-
tively limited, resulting in minor contributions to the variance
of the miss distance.

Figure 11 provides a more intuitive comparison of the influ-
ence of each random variable on the uncertainty of the inte-
grated internal-external ballistic performance of the SDCM.

As shown in figure 11, further comparison between the
first-order sensitivity index Si and the total sensitivity index
STi reveals that the total sensitivity indices of all uncertain vari-
ables are higher than their corresponding first-order sensitivity
indices, indicating that the interaction effects among variables
cannot be neglected. Among all uncertain variables, the differ-
ence between Si and STi for the pintle displacement deviation
is the largest, demonstrating a strong interaction effect. This is
because the pintle motion directly determines the variation of
the effective nozzle throat area. Its influence depends not only
on its own motion deviation but also on the coupled effects of

Figure 11. Sensitivity indices of the miss distance with respect to
different random variables.

pintle parameters, nozzle geometric parameters, and propel-
lant combustion characteristics, resulting in multi-parameter
interaction and uncertainty propagation.

In addition, relatively large differences between the first-
order and total sensitivity indices are also observed for the
pintle diameter and nozzle throat diameter, indicating signif-
icant interaction effects associated with these two geomet-
ric parameters during motor operation. Considering the cou-
pling effects among different parameters, the global impor-
tance ranking of uncertain variables affecting the uncertainty
of the integrated internal-external ballistic performance of the
SDCM is obtained as follows: pintle diameter> nozzle throat
diameter> burning surface radius> pintle displacement devi-
ation > burn rate > characteristic velocity > propellant den-
sity > pressure exponent > pintle head length > convergent
section arc radius.

The integrated internal-external ballistic performance of
the SDCM is highly sensitive to key geometric parameters,
including the pintle diameter, nozzle throat diameter, and
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burning surface radius, as well as the pintle displacement devi-
ation. To effectively reduce the dispersion of the miss dis-
tance and improve the strike accuracy of kinetic intercep-
tors, strict control of the machining tolerances of the pin-
tle diameter and nozzle throat diameter, together with high-
precision fabrication of the propellant burning surface, should
be emphasized during the design and manufacturing stages of
the motor. Considering the strong coupling effects between the
pintle displacement deviation and structural parameters, future
optimization design of SDCMs should evolve from single-
parameter accuracy control toward multi-parameter collabo-
rative optimization. This approach can reduce the propagation
of uncertainties in the coupled internal-external ballistic sys-
tem and further improve the terminal strike accuracy of kinetic
interceptors.

4. Conclusions

In this study, an integrated internal-external ballistic dynamic
model of a SDCM is established by considering multiple
sources of uncertainty, including pintle displacement devi-
ation, geometric deviation, and propellant property uncer-
tainties. Based on this integrated model, MCS and a PCE
surrogate model are employed to investigate the effects of
multi-source uncertainties on the integrated internal-external
ballistic performance. The main findings are summarized as
follows:

(1) A performance dispersion analysis method for the inte-
grated internal-external ballistics of SDCMs is proposed.
Compared with traditional deterministic evaluation meth-
ods that separately analyze internal and external ballis-
tics, the proposed method enables rapid prediction of inte-
grated internal-external ballistic performance dispersion
by considering the propagation of multi-source uncer-
tainties, while maintaining high predictive accuracy. It
provides an effective approach for uncertainty analy-
sis of the integrated internal-external ballistic system of
SDCMs.

(2) The results demonstrate that the proposed PCE-based
uncertainty analysismethod achieves high predictive accu-
racy. The miss distance exhibits a right-skewed distri-
bution and is mainly concentrated within the range of
0.4–1.6 m, indicating that the coupled effects of multi-
source uncertainties are more likely to increase the miss
distance.

(3) The Sobol’ sensitivity analysis method was employed to
quantitatively characterize the individual and interaction
contributions of each uncertain parameter to the variance
of the miss distance. The pintle diameter, nozzle throat
diameter, and burning surface radius exhibit relatively
high first-order and total sensitivity indices, indicating that
they are the dominant factors affecting the dispersion of
the miss distance. Although the pintle displacement devi-
ation has a relatively low first-order sensitivity index, it
exhibits strong coupling interactions with other structural
parameters. These results reveal the influence mechanisms

of different uncertain variables on the performance dis-
persion of the integrated internal-external ballistic sys-
tem of SDCMs, and provide theoretical support for key
parameter tolerance allocation, manufacturing accuracy
control, and robust optimization design for high-precision
control.

Although the proposed framework has demonstrated good
effectiveness, several limitations still remain. Firstly, all geo-
metric and propellant property parameters are assumed to fol-
low normal distributions in the present study. However, in
practical manufacturing processes and service environments,
some geometric tolerances or random errors may exhibit arbi-
trary non-normal distributions. Secondly, to balance computa-
tional efficiency during large-scale sampling, the internal bal-
listic module in this study is primarily solved based on zero-
dimensional internal ballistic differential equations. This sim-
plified physical model does not fully capture complex phe-
nomena occurring during the short-duration divert maneuver
of the motor, such as thrust misalignment and dynamic abla-
tion of the nozzle pintle caused by high-temperature combus-
tion gases. Addressing these aspects will be the focus of sub-
sequent studies.
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